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Abstract
We study certain functions from the p-adic integers to a locally compact field of characteristic p: finite
linear combinations of exponentials and their uniform limits (which we call Dirichlet series). Our main
result is that such a Dirichlet series is determined by its restriction to an arbitrarily small open subset of the
p-adic integers.
© 2008 Elsevier Inc. All rights reserved.
In his extensive work on the arithmetic of function fields, D. Goss has introduced analogues
of the classical L-series of number theory. His L-series are functions of two variables: one (usu-
ally denoted by x) whose domain is the multiplicative group of the completion of an algebraic
closure of the function field, while the other variable (usually denoted y) comes from the p-adic
integers Zp (here p is the characteristic). These L-series may be expanded as entire functions of
x−1 whose coefficients are continuous functions on Zp (see Goss [2, §8]). These coefficients are
in fact “finite Dirichlet series”—finite linear combinations of exponentials. The aim of this note
is to study such functions (and their uniform limits—what we will call Dirichlet series on Zp
or simply Dirichlet series). Our main result (Theorem 2) will show that such a Dirichlet series
is determined by its restriction to an arbitrarily small open subset of Zp . In this respect these
Dirichlet series behave like analytic functions in p-adic or complex analysis.
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We fix a locally compact field K of characteristic p. If we let F be the field of constants of K
and π a prime element of K , then we may identify K with the field of Laurent series in π over
the finite field F:
K = F((π)).
We fix an absolute value | · |K on K .
Let U denote the group of 1-units of K :
U = 1 + πFπ.
For any u ∈ U , we can define a continuous map Zp → K via y → uy . Let L be a finite extension
of K , | · |L the extension of | · |K to L, OL the ring of integers of L. Then the space C =
Cont(Zp,L) of continuous functions from Zp to L is a Banach space over L under the sup
norm ‖ · ‖. We let D = D(Zp,OL) be closure in C of the finite OL-linear combinations of the
functions {uy : u ∈ U}. We call elements of D Dirichlet series over OL.
On the other hand, we let M =M(U,OL) denote the space of OL-valued measures on U .
We may viewM as the completed group algebra of U over OL:
MOLU := lim←−OL[U/Un].
Here Un = 1+πnFπ. We giveM the inverse limit topology: thenM is a compactOL-algebra.
The following theorem shows that D andM may be identified:
Theorem 1. M  D as topological OL-algebras. The isomorphism is given explicitly by the
“-transform”:
μ → μ(y) =
∫
U
uy dμ(u).
(The name -transform comes from the analogous transform in p-adic analysis.)
The main point of this note is the following theorem, which states that the functions in D
behave, in one respect, like “analytic” functions:
Theorem 2. Suppose that f,g ∈D coincide in a neighborhood of a point in Zp: then f = g.
It is a natural question to ask for a larger class of functions which satisfy Theorem 2. We might,
for example, consider the closure in C of finite L-linear (instead of finiteOL-linear) combinations
of the functions {uy : u ∈ U}. However, such L-linear combinations are dense in C:
Theorem 3. The L-span of D in C is dense in C.
Note that the functions in C do not satisfy Theorem 2, since the locally constant functions are
in C.
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since the function uy is analytic on U (as a function of u, with fixed y ∈ Zp), we can form the
-transform of any distribution defined on the space of analytic functions on U . However, such
functions may also fail to satisfy Theorem 2: if we take μ to be the distribution that assigns to a
differentiable function φ(u) its derivative at 1 (so ∫
U
φ(u)dμ(u) = φ′(1)) then
μ(y) =
∫
U
uy dμ(u) = yuy−1∣∣
u=1 = (y mod p) ∈ K;
this is a non-zero function on Zp , but vanishes on pZp .
2. Proofs
Proof of Theorem 1. (Cf. Serre [3].) We begin by observing that the -transform is a continuous
map from M to D. The topology on M may be described as follows: a family of basic open
neighborhoods of 0 is given by the sets
An :=
{
μ ∈M: μ(uUn) ≡ 0 mod πn for all u ∈ U
}
.
The topology on D is given by the sup norm ‖ · ‖. Let μ ∈M, and let  > 0 be given. For any
ν ∈M, and any y ∈ Zp , note that
∑
u∈U, u mod Um
uyν(uUm) ≡
∑
u∈U, u mod Un
uyν(uUn) mod πn,
for any m n, and hence that
ν(y) ≡
∑
u∈U, u mod Un
uyν(uUn) mod πn;
hence if ν − μ ∈An, then
ν(y) − μ(y) ≡ 0 mod πn.
Hence ν − μ ∈An ⇒ ‖ν − μ‖ <  if n is chosen large enough that |πn|K < .
Next we note that the -transform is injective, because a measure on U is determined by its
moments (see Goss [1]).
Finally, since M is compact, its image under the -transform is closed in D, and contains
the finite OL-linear combinations of exponentials uy (u ∈ U ), which are dense in D: hence the
-transform is surjective. (Therefore D is also compact.)
Thus the -transform gives a homeomorphism between M and D. Furthermore, the
-transform is OL-linear, and preserves the algebra structure because of the convolution for-
mula
μ∗ν = μ · ν.
This completes the proof of Theorem 1. 
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f (y) = 0 for y ∈ a + pnZp,
for some a ∈ Zp and integer n 0, then f is identically 0 throughout Zp .
By Theorem 1, we may write f as a -transform:
f (y) =
∫
U
uy dμ(u)
where μ is an OL-valued measure on U . Our hypothesis is then that
∫
U
ua+pny dμ(u) = 0
for all y ∈ Zp . Let ν be the measure on U defined by
∫
U
φ(u)dν(u) =
∫
U
φ(u)ua dμ(u);
for all continuous functions φ :U → L. (Concretely, ν(X) = ∫
X
ua dμ(u) for every compact
open subset X ⊆ U .) Then
∫
U
(
uy
)pn
dν(u) = 0,
for all y ∈ Zp . Finally, let νp−n denote the pnth root of ν: νp−n is a measure on U which
takes values in the integers of the field Lp−n . (The measure νp−n is defined by the formula
νp
−n
(uUn) = ν(uUn)p−n .) Note that the map x → xp−n is a continuous isomorphism of L
with Lp−n , and therefore
∫
U
uy dνp
−n
(u) =
(∫
U
(
uy
)pn
dν(u)
)p−n
= 0;
for all y, because the integral can be defined as the limit of Riemann sums. Hence νp−n = 0, by
Theorem 1, so ν = 0. But μ can be recovered from ν, because
∫
U
φ(u)dμ(u) =
∫
U
φ(u)u−a dν(u),
for any continuous function φ; hence μ = 0. Therefore f = 0, as desired. 
Proof of Theorem 3. Let U be the closure in C of the L-span of D. We need the following
lemma:
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(with values in L), and suppose that the power series F(x) =∑∞i=0 fixi ∈ Cx has the property
(∗) F (πk) ∈ U for any k  1.
Then fi ∈ U for every i  0.
Proof. Let M be a bound for the sequence {f0, f1, f2, . . .}: ‖fi‖M for i = 0,1,2, . . . . Then
∥∥F(0) − F (πk)∥∥ |π |kM.
Hence the functions F(πk) converge in C to F(0), as k → ∞; since each F(πk) lies in U , by (∗),
it follows that f0 = F(0) lies in U .
Hence for any k  1, (F (πk) − F(0))/πk lies in U (since U is a vector space over L).
Therefore, if we let
F1(x) = F(x) − F(0)
x
=
∞∑
i=1
fi(y)x
i−1,
then F1(πk) belongs to U , for each k  1: so F1 satisfies (∗).
So again we have F1(0) = f1 ∈ U . Defining Fi inductively by Fi+1(x) = (Fi(x) − Fi(0))/x,
we conclude that fi ∈ U for all i  0. 
To prove Theorem 3, we apply the lemma to the series F(x) = (1 + x)y =∑∞i=0 (yi)xi . Since
F(πk) ∈D ⊆ U for any k  1, F satisfies (∗), so we conclude from the lemma that the functions(
y
i
) ∈ U for all i  0. But, by Mahler’s Theorem, the L-span of the binomial coefficient functions(
y
i
)
forms a dense subspace of C: hence U = C. 
3. Remarks
Remark 1. The zero set of a non-zero Dirichlet series can be quite complicated, and in particular
need not be finite.
For example, let F = Fp and let f (y) =∑a∈F(1 + aπ)y . Then
(∗∗) f (y) =
∑
a∈F
∞∑
i=0
(
y
i
)
aiπi = −
∞∑
j=1
(
y
(p − 1)j
)
π(p−1)j ,
since
∑
a∈F
ai =
{
0 if i = 0 or p − 1  i,
−1 if p − 1 | i and i > 0.
In particular f is not identically 0: e.g. f (p − 1) = −πp−1.
On the other hand, we can use Lucas’s formula for binomial coefficients mod p to find zeros
of f . Let y be a positive integer and let j  1, and let
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(p − 1)j = b0 + b1p + · · · + bkpk
be the base p expansions of y and (p − 1)j—we extend the base p expansions, if necessary, so
that they are the same length. Then
(
y
(p − 1)j
)
≡
(
y0
b0
)
· · ·
(
yk
bk
)
mod p.
Hence if
(
y
(p−1)j
) = 0 mod p, we must have yi  bi for i = 0, . . . , k. But b0 + · · · + bk ≡ 0 mod
p − 1, and therefore b0 + · · · + bk  p − 1: hence we have shown that if
(
y
(p−1)j
) = 0 mod p for
some j  1, then y0 + · · · + yk  p − 1. Therefore
f (y) = 0 if y is an integer whose p-adic digits sum to less than p − 1,
which is not a finite set.
Remark 2. The original idea behind this paper was to define a notion of “analytic” for functions
from Zp into complete fields of characteristic p. Such functions do not occur in the “classical”
theory of function fields, but do arise in the “modern” theory: as the coefficients of the L-series
introduced by Goss, as mentioned above.
Remark 3. Another place in the modern theory of function fields where functions from Zp
into complete fields of characteristic p arise is in the theory of function field analogues of the
-function. For example, let k = Fq((T )) be a rational function field, and suppose that K is
its completion at infinity (so that π = 1/T ). Then the “arithmetic” -function ∞ attached to
A = FqT  is the defined by
∞(y + 1) :=
∞∏
i=0
〈Di〉ci ,
where ci are the q-adic digits of y (y =∑∞i=0 ciqi , with 0  ci < q). (See Goss [2, §9.4 and
Definition 9.4.8].)
Such functions are not Dirichlet series in the sense of this note, and indeed fail to satisfy
Theorem 2. For example, let f (y) be any function defined via digit expansions, i.e. suppose that
f (y) =
∞∏
i=0
A
ci
i ,
where A0,A1,A2, . . . are non-zero elements of K and Ai → 1 in K . Let B0 ∈ K× be different
from A0, let Bi = Ai for i  1, and let
g(y) =
∞∏
i=0
B
ci
i .
Then f (y) = g(y) if y ∈ qZp , while f (y) = g(y) if y /∈ qZp .
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